Abstract. We study a spectral problem (P δ ) for a diffusion-like equation in a 3D domain Ω. The main originality lies in the presence of a parameter σ δ , whose sign changes on Ω, in the principal part of the operator we consider. More precisely, σ δ is positive on Ω except in a small inclusion of size δ > 0. Because of the sign change of σ δ , for all δ > 0, the spectrum of (P δ ) consists of two sequences converging to ±∞. However, at the limit δ = 0, the small inclusion vanishes so that there should only remain positive spectrum for (P δ ). What happens to the negative spectrum? In this paper, we prove that the positive spectrum of (P δ ) tends to the spectrum of the problem without the small inclusion. On the other hand, we establish that each negative eigenvalue of (P δ ) behaves like δ −2 μ for some constant μ < 0. We also show that the eigenfunctions associated with the negative eigenvalues are localized around the small inclusion. We end the article providing 2D numerical experiments illustrating these results.
Introduction
Let Ω and Ξ − be three-dimensional domains, i.e. bounded and connected open subsets of R 3 , with boundaries ∂Ω and Γ := ∂Ξ − that admit C ∞ regularity. Assume that Ω and Ξ − contain the origin O and that there holds Ξ − ⊂ Ω. For δ ∈ (0; 1], we introduce the sets (see Fig. 1 )
, where σ − < 0 and σ + > 0 are constants. Throughout the paper, if u is a measurable function on Ω, we shall denote
3 , the space L 2 (ω) will refer to the set of square integrable functions defined on ω, equipped with the scalar product (u, v) ω = ω uvdx and the norm u ω := (u, u) ω . In the present article, we wish to study the following spectral problem involving a Dirichlet boundary condition:
In Problem (1), λ δ is the spectral parameter. Moreover, H 1 0 (Ω) stands for the subspace of functions of the Sobolev space H 1 (Ω) vanishing on ∂Ω. It is endowed with the norm u
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Since the interface Γ δ = ∂Ω δ − between the two subdomains is smooth, one can verify that when the contrast κ σ := σ − /σ + satisfies κ σ = −1, A δ fits the standard framework of [23, 44] for dealing with transmission problems. This leads to the following result (for a detailed discussion for this particular problem, see also [43] ). Therefore, for a fixed δ > 0, we can study the spectrum of A δ . Because σ δ changes sign on Ω, this spectrum is not bounded from below nor from above. More precisely, we have the following results (see [7, 43] 
In the sequences above, the numbering is chosen so that each eigenvalue is repeated according to its multiplicity. Moreover, there holds lim n→+∞ λ δ ±n = ±∞. In Proposition 1.1, the assumption κ σ = −1 is important and in the sequel, we should not depart from it. The case κ σ = −1 is rather pathological and is beyond the scope of the present article. Proposition 1.2 indicates that for all δ ∈ (0; 1], S(A δ ) (the spectrum of A δ ) contains a sequence of eigenvalues which tends to −∞. On the other hand, when δ goes to zero, the small inclusion vanishes so that the parameter σ δ becomes strictly positive at the limit δ = 0. As a consequence, one could expect to obtain only positive spectrum for the operator A δ when δ → 0. The question we want to answer in this paper can be formulated as follows: What happens to the negative spectrum of A δ when the small inclusion shrinks?
Problems of small inclusions or small holes have a long history in asymptotic analysis. The case where Ω δ − is a hole (with Dirichlet of Neumann condition on ∂Ω δ − ) in 2D/3D has been studied in detail in [28, 29] (see also the references therein). The configuration where Ω δ − contains a positive material with a concentrated mass has been investigated in [9, 30, 38, 45] (see also the review [24] ). In this context, the asymptotics of eigenpairs of elliptic operators has been considered in [26] [27] [28] .
A remarkable feature of Problem (1) is the change of sign of the parameter appearing in the principal part of the operator A δ . This is what makes it non-standard. In [32, 34, 35] , the authors have examined the asymptotics of eigenpairs in situations where a sign-changing coefficient arises in the compact part of the spectral problem under study. Yet, to our knowledge, asymptotics of the eigenpairs with a sign
